Bound states and scattering coefficients of self-adjoint Hamiltonians with a mass jump 
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(with no mass jump) are reviewed. 
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I. INTRODUCTION 



A contemporary issue in the physics literature concerns finding the appropriate Hamiltonian operator (functional 
form and domain) that arises from the application of the effective - mass approximation to semiconductor hetero- 
structures when the effective mass is position - dependent and only piecewise continuous [J-Q • In the effective - mass 
model the momentum operator no longer conmutes with the mass since the latter depends on position, therefore 
the generalization of the standard Hamiltonian operator is not trivial. The basic problems are the following: a) the 
choice of a correct ordering of the mass and momentum operators together with the boundary conditions on the 
wave functions across an abrupt hetero junction to build the Hamiltonian operator so as to be self-adjoint, and b) the 
Galilean invariance related to the Bargmann's theorem Q. According to the Hamiltonian operator arising from 
the application of the effective - mass model that fulfills Galilean invariance is 

H = \p—P. (1) 

2 to w 



p2 

In particular, if to is constant the expression H = ^ is recovered. 



Physical systems with an abrupt discontinuity of the mass at one point model the behavior of a quantum particle, 
i.e. an electron moving in a medium formed by two different materials. On each material the particle behaves as if it 
had a different mass. The discontinuity point represents the junction between these two materials. 

The simplest model, which has been studied by many authors, in an unclear and incomplete form, is given by a 
one - dimensional system in which the mass is constant except for a finite jump at one point of the real axis, which 
is chosen to be the origin for simplicity, 



m(x) = " H ! x v (2) 




where to/ =/= m r are positive constants. In this case, the Hamiltonian operator has the functional form 

{-^^2 if x < 0, 
— _ — ~~t if x > 

^ 2m r dx 2 

In a suitable domain, ([3]) has infinite self-adjoint extensions 

In this paper, we show that all the self-adjoint extensions have discrete spectrum. We examine which extensions 
could play an interesting role according to physical arguments. 

The paper is organised as follows: in section HH we find the set of all possible self-adjoint extensions of H, and we 
use physics constraints to reduce the set. In section Hill we calculate the reflection and transmission coefficients for all 
self - adjoint extensions that satisfy physics constraints. From the equation of the poles of the scattering coefficients, 
we obtain the equation that characterizes the spectrum of each physical self-adjoint extension. 



II. SELF - ADJOINT EXTENSIONS OF H 

We will follow Q and Q to construct the self-adjoint extensions of H . To construct the self - adjoint extensions of 
the operator H we must begin by defining the smaller domain where it makes sense operator action. In this section 
we will assume that the operator H is densely defined, symmetric and closed and let W = H be its adjoint. The 
domain of the operator H, T>(H), is a subspace of L 2 (M.), i.e., 

V{H) = {0 G Wi(R) , 0(0-) = 0(0+) = 0'((r) = 0'(O+) = 0} (4) 

W$ (K) is a Sobolev space. 
The domain of W is 

V(H^ = {cf>eWi(R-{0})} (5) 

The functions in W% (M — {0}) satisfy the same properties of the functions in W$ (K) except that they and their 
derivatives may admit a finite jump at the origin. Note that T>(H) C T>{H'). 
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The deficiency subspaces of H are given by 

N+ = {^+ G V[rf) , = iE^+ ,E >0}, 

AT- = {ip- G , £ft^_ = -iE xP-,E > 0} 



(6a) 
(6b) 



with the respective dimensions n+, n_ . These are called the deficiency indices of the operator H and will be denoted 
by the ordered pair (n + ,n_). The normalized solutions of H^ip± = ±iEoip± are 



V4 

vA +) (^) 



ft 2 


] 1/4 


(x)e 




fi 2 . 


1/4 e 


{-x)e 


^(1-0* 


Am r E 
ft 2 


} 1/4 9 


(x)e 




4m; So- 
ft 2 . 


1/4 9 


{-x)e 





(7a) 
(7b) 
(7c) 
(7d) 



where 9{x) represents the Heaviside step function. Since all the solutions of equations H*ip± = ±iEot[)± belong 
to L 2 (R), the deficiency indices are (2,2) and, the according to Naimark Q, every self - adjoint extensions are 
parametrized by a U(2) matrix. This matrix defines a unique self - adjoint extension, Hjj, of H with domain 
characterized by means of the set of all functions (f> € T>{H^) which satisfy the conditions 



— W [^,<f>; 0-] = — W 0; 0+] , M = 1, 2, 
mi m r 



(8) 



where W[tj), </>; a;] is the Wronskian of the functions ip(x) (the bar represents complex conjugate) and 4>(x) at the point 
x, and 



^\x) 



U n U 12 
U21 U22 



VA +) (x) 
1/> ( S \x) 



(9) 



We will denote the matrix [ ^ ^ ] by U. The expressions jSJ can be written in the form 

= T 



>(0+) 
0'(O+) 



0(0") 
0'(O-) 



(10) 



where (^(O^ = lim (f>(x), tfi'iO^) = lim </>'(x), and the n + x rt_ matrix T is given by 



T = — - 

mi 



-V4(o+) &(o+)' 

-^(0+) v; 2 (o+) 



^i(o-) -^1(0-)' 
$(o-) -^j(o-) 



(11) 



The matrix T gives the matching conditions at the origin. From (|9]), we can rewrite the matrix T in the form 

{l+i)[dct(U)+U 2 2+i(Un+l)]m 1 r /4 z[det(C/) + l+C7ii+C722]my 4 



T = 



2£/ 12 m i 1 ' 4 
[dct((7)-l+i((7 11 + ;7 22 )]m^ 4 v /§F 



3/4 E 



\/2Ui2m l 



— 



V2U 12 m 



(l+i)[dct(£7) + £7ii+i({7 2 2 + l)]m;y 4 
2£7 12 mf /4 



(12) 



The determinant of (fl"2|) is given by 



det(T) = 



m r [/ 2 i 



m;C/i2 

From (|5|). we obtain that the matrix T satisfies the expression 



(13) 



(14) 



where Cj, is a Pauli's matrix. By comparing (IT31 with (JUJ), we have that | C7" 12 1 = |^2i|- However, the time reversal 
invariance ensures that U12 = U21, as will be shown below. 
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The time reversal invariance of the Schrodinger equation 

ih—(x,t) = H^(x,t) 

means that if ^(x,t) is a solution of the equation, then ^>(x,t), with t replaced by —t, is also a solution. If 

the previous statement implies that 4>e{x) and 4>e{x) are two eigenfunctions of the Hamiltonian H with the same 
eigenvalue E. The shortcoming for argument is that the boundary conditions (TTO]) . with T given by (p~2|) . do not lead 
necessarily to real eigenfunctions 4>e(x). Among all of the self-adjoint extensions of the Hamiltonian only one subclass 
will have real eigenfunctions. These extensions will be said to be time reversal invariant ||. The reality of 4>e(%) 
implies that T = T, i.e., T is a real matrix. Thus, from (1141) . we obtain 

dct(T) = (15) 
mi 

which is mentioned in By comparing (fl3|) with (IT5|) . we have that U12 = U%\ 7^ 0. In conclusion, the reality of 
the matrix T makes the Hamiltonian ([3]) with domain (jlOp invariant under time reversal. 



III. SCATTERING COEFFICIENTS AND THE SPECTRA OF H 



In this section we will derive the spectra for the self - adjoint extensions Hjj from the poles of scattering amplitudes. 
For this, let us parametrize the unitary matrix U as 



U = e^A, det(A) = 1, 



where 



"2 



MI3 —ai — ia\ 
iai Oq + 10,3 



(16) 
(17) 



with 00,01,02,03 € R, and tp € [0,7r]. Notice that the points ip = and ip — ir have to be identified. The condition 
U12 = U21 7^ implies a 2 = and ai 7^ 0. Thus, by substituting p^|) and (fT7| in (fTTj) . we obtain the real matrix 



T = 



[aQ — a3+cos ip— sin tpjm 1 ^ 4 
T7I 

2y / g^[a -sini/;]m^ /4 
aiTrij n 



fi[ao+cos ip]mh.' 4 
3/4 /rr 

aim, v ^0 
[0.0+0,3 +cos -0— sin ip]m^ A 



In terms of (|18|t, the matching conditions (fTTJf) are 

[ao — 03+cos — sin 0]jn?/ 4 
aim ( 

2V^[ao-sin ip]m^ 4 



"0(0+)" 




/(0+)_ 





ft[ao+cos 0]m^/ 4 
__ 



aimj' ~y/Eo 
[ao+03+cos — sin i/>]m^' 4 

371 

aim^ 



(18) 



>(0")' 

0'(o-) 



(19) 



Let us assume that an incoming monochromatic wave e 1 , k\ 



2n ^i E , £ > 0, comes from the left, so that the 



wave function for x < is e tkl + r/e lfei , and the wave function for x > is tie lkr 



2m r E 



h 2 



E > 0, where r; and 



i; are the reflection and transmission amplitudes, respectively, for incoming wave from the left. Then, the matching 



: origin give 




l + n 




iki(i - n) 





[ap— Og+cos -0— sin ^m^ 4 fifoo-j-cos ip] (2m r ) 1<f4 

V4 3/4 /Ti 

aim, aim, v-^o 

Eo [ao — sin 0]m^ 4 +cos 0— sin 0]m^ 4 

1/4 ^ ^74 
aim. 



aim,' n 





' tl ' 




iky tl 



and then one finally obtains the expressions of r\ and ti as 



Eo(ao — sin i/0+i?(ao+cos Tp)—iV2a3^E\/Eo 

-E(ao+cos — So(ao— sin tp)—iy / 2^E\/EQ(ao —sin t/j+cos i/0 

^m7(-E(ao+cos i/') — -Bo(ao-sin i/>) — 



- . -o v™V 

tp) — i\/2\/~E^/~Ea{ai; j —s\n i/j+cos ?/>)) 



(20) 

(21a) 
(21b) 
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Making use of 0% + af + a| = 1, we have |n| 2 + \ti\ 2 *Jljj*- — 1< The poles of r; and t; satisfy the following equation 

-E(a + cosip) — i?o(ao — sin-0) — iV2^f~E \Je~^{clq — sin-0 + cos-0) = (22) 

The poles of r r and t r (r r and i r are the reflection and transmission amplitudes, respectively, for incoming wave come 
from the right) also satisfy (|22l) . 

The zero values of (|21a[) correspond to transmission resonances [ll[ . The roots of (|22|) can be written as 



(if ao ^ — cos ip) (23) 

(if a = - cos ip) (24) 

Note that E± and E are real for each self - adjoint extension Hjj- If the expressions within the parentheses in (|23|) 
and (|24D are positive (negative), then the square root of energy is in the physical Riemann sheet (unphysical Riemann 
sheet) [111 Il2|. If the square root of energy is positive, then we have a bound state, otherwise, we have an antibound 
(virtual) state. Some self - adjoint extensions have two different values of energy. 

In the next subsections, we discuss the spectrum of some self-adjoint extension of ([3]) corresponding to one - 
dimensional Hamiltonian: (f ) with a delta potential at the origin plus mass jump at the same point, (2) with a delta 
plus delta prime potential at the origin plus mass jump at the same point and, (3) with a delta prime potential at 
the origin plus mass jump at the same point. 



f ± 



y/f - al ^smip 
ao + cos ip 




V! = i\/^(l + cotV0, 



A. Hamiltonian with a delta potential at the origin plus a mass jump at the same point 



The boundary conditions corresponding to one - dimensional Hamiltonian with a delta potential at the origin plus 
a mass jump at the same point [I3( are 



<Mo+)* 

^'(0+) 



I 

h 2 mi 



0(0") 
0'(Cr) 



(25) 



where 7 is the strength of delta potential. For the square root of energy being in the physical Riemann sheet, the 
parameter 7 must be negative. By comparing (|25[) with (If 81) . we obtain the following values of the parameters ao, ai 
and 03 



ao = — cos-0, 

\fE~oH(cos 1/} + sin ip) 
(m/m r ) 1 /4 7 

y/E~oH(cos if) + sin ip) 



«i 



03 = 

Using the constraint a„ + a\ + a§ = 1 , we obtain 

I + cot ijj 

Then, by inserting (|27|) in (|24|) . we have 

E = -2- 



/m r 7 sin ip 



/m r 7 



raim r ^f 



h 2 ( 



(26a) 
(26b) 

(26c) 



(27) 



(28) 



The energy of the unique bound state is always negative (except if 7 = 0, in which no bound state is present). This 
eigenvalue is unique. Thus, the one - dimensional Hamiltonian with a delta potential at the origin plus a mass jump 
at the same point has a bound state, unlike it was stated in [2], that the mass jump cannot exist with the term —jS(x) 
only, unless the term XS'(x) is present. 



B. Hamiltonian with a delta plus a delta prime potential at the origin plus a mass jump at the same point 



The matching conditions for this self -adjoint extension are 

m r ft 2 (m(+m r )4-2Amim r 
mi ft.' 2 (mi -j-m r ) — 2 Am; in r 
2 i ym r (ft 2 (m r +m,i) 2 +2Am;m r (m r -m;)J 



>(o+)- 




_0'(O+)_ 





h (mi -\-7n r )~2\mi m r 
ft 2 (mi +m r 



>(o-y 

0'(O-). 



(29) 



where A is the strength of delta prime potential. The matching conditions are obtained in 0] for a = —j3 = — 1. 
The determinant of the matrix T in (f2T))) satisfies identically (fT5|) without any condition on A, unlike the statement in 0. 



If mi — m r — m in (|29p . we obtain the matching conditions at the origin for the Hamiltonian with no mass 
jump with a delta plus delta prime potential [Hj]. Note that ([29| is reduced to the boundary conditions (|25|) if 



A = 



(mi — m r ). In this case, the value A = leads to Hamiltonian with no mass jump (to/ = m r = m) with a 



delta potential [15j 



(wij+in,.) 2 



Again, the energy of the bound state is always negative (except if 7 = or A = h 2rj , ,,, — —7- 
state is present) 



2j 2 mfm 2 

h 2 



2/j, A / rnj — r 
/i 2 I m; +r 



(1 _ ^) 2 mf /2 + (1 + ^) 2 ml /2 



in which no bound 



(30) 



where /i = mim r j (mi + m r ). For the square root of energy being in the physical Riemann sheet, we need that 7 < 
( m[+m^ ) > or that 7 > and 1 - ^ { Z\+Zl ) < °- Usin S A = in we obtain 



and 1 _ 



2 2 2 

mfm*~f 



h 2 (r 



3/2 



+ m 



3/2 



This energy corresponds to the self - adjoint extension whose matching conditions at the origin are 



0(0+)' 
0'(O+) 



mi 
27m r -1 



0(0-)' 
0'(O-) 



(31) 



(32) 



This self - adjoint extension corresponds to a Hamiltonian with mass jump plus a delta potential at the origin. Mass 
jump form is different to that shown in (|25p . Unlike it was stated in [2J, the presence of a delta prime potential is not 
required in the Hamiltonian for the jump mass can exist. 



If mi = m r = m, both 



and (|3"Tj) reduce to 



E = - 



7717 



This energy corresponds to the bound state energy of the Hamiltonian no mass jump with a delta potential [16]. 

C. Hamiltonian with a delta prime potential at the origin plus a mass jump at the same point 

The boundary conditions corresponding to one - dimensional Hamiltonian with a delta prime potential at the origin 
plus a mass jump at the same point are 



>(0 + )" 




/(0+)_ 





1 





>(0-)" 




0'(O-)_ 



A < 



(33) 



These boundary conditions are similar to those in the case of equal masses [ljl H6j |. including A < 0. The energy of 
the unique bound state is always negative (except if A = 0, in which no bound state is present). This eigenvalue is 
unique 
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If mi = in%r = m, (1341) reduces to the bound state energy of the Hamiltonian with no mass jump with a delta prime 
potential [la ], i.e., 

E ■■ 



TO 2 A 2 



It is interesting to remark that if 7 = in (|29|) , we obtain a self - adjoint extension corresponding to the one- 
dimensional Hamiltonian with a mass jump and dipole point interaction (first derivative of the delta potential), which 
has no bound states. For A = ±h 2 "^mlll'' ' we nave that the transmission coefficient is zero, whereas for the lambda 

/ a 3 \ 2 

(mi-\-m r ) I m ( 4 ±m^ J 

values t^— , the transmission coefficient is one (we have a transmission resonance). Thus, we have two 



different physical self - adjoint extension despite they have the same functional form. It should be noted that in the 
case of equal masses the derivative of the delta potential has not bound states . 



IV. CONCLUDING REMARKS. 



Using the Von Neumann's theory of self - adjoint extensions and physical arguments, we found the general matching 
conditions (fl~9| that describe each one of the different domains of the various self - adjoint extensions of (|3|). Some 
boundary conditions have been reported 0, [TH, [3] ■ Using scattering theory, we obtained the spectrum of each one of 
the extensions. Each physical self - adjoint extensions correspond to one different Hamiltonian operator. Given that 
the operator §3§ has self - adjoint extensions with bound states only, it is not appropriate to call the operator ([3]) a 
kinetic Hamiltonian. 

Finally, we analyze three different self - adjoint extensions of ([3|). We discuss the limiting case mi — m r = m for 
each one of the three self - adjoint extensions. In this limit, the self - adjoint extensions above mentioned correspond 
to respective point interaction extension [l5l . [l6j . 
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